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a b s t r a c t
In 1968, Vizing conjectured that, if G is a ∆-critical graph with n vertices, then α(G) ≤ n2 ,
where α(G) is the independence number of G. In this note, we apply Vizing and Vizing-like
adjacency lemmas to this problem and obtain better bounds for∆ ∈ {7, . . . , 19}.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this note, let G be a simple graph with n vertices, m edges and maximum degree ∆(G) (or ∆). A k-vertex
is a vertex of degree k and a (≤ k)-vertex is a vertex of degree at most k. We use d(x) to denote the degree of a vertex x,
dk(x) to denote the number of k-vertices adjacent to x, and α(G) to denote the independence number of G. Let x ∈ V (G) and
A ⊂ V (G), thenN(x) = {v | v is adjacent to x} andN(A) = {v | v is adjacent to a vertex in A}. Let Vi = {x|x ∈ V (G), d(x) = i}.
In 1965, Vizing [6] proved a theorem which states that if G is a graph of maximum degree ∆, then the edge chromatic
number χ ′(G) of G is either ∆ or ∆ + 1. A graph G is said to be of class one if χ ′(G) = ∆, and it is said to be of class two if
χ ′(G) = ∆ + 1. G is said to be critical if it is connected, class two and χ ′(G − e) < χ ′(G) for every edge e ∈ G. A critical
graph G of maximum degree∆ is called a∆-critical graph.
In 1968, Vizing [7] (also see [3]) proposed the following conjecture about the independence number of critical graphs.
Conjecture 1.1 (Vizing’s Independence Number Conjecture, Vizing [7], 1968). Let G be a ∆-critical graph with n vertices. Then
α(G) ≤ n2 .
As far as we know, there was not any result towards this conjecture until 2000, Brinkmann, Choudum, Grünewald and
Steffen [1] proved that: (1) if G is a∆-critical graph with n vertices, then α(G) < 2n3 ; and (2) if G is a∆-critical graph with n
vertices and∆ ∈ {7, . . . , 10}, then
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α(G) ≤

7n
13
≈ 0.538n if∆ = 3,
5n
9
≈ 0.556n if∆ = 4,
13n
23
≈ 0.565n if∆ = 5,
4n
7
≈ 0.571n if∆ = 6,
29n
50
≈ 0.58n if∆ = 7,
17n
29
≈ 0.586n if∆ = 8,
13n
22
≈ 0.591n if∆ = 9,
22n
37
≈ 0.595n if∆ = 10.
In 2004, Grünewald and Steffen [2] verified this conjecture for critical graphswithmany edges and in particular, they verified
the conjecture for overfull critical graphs. In 2006, Luo and Zhao [5] proved that Vizing’s IndependenceNumber Conjecture is
true for∆-critical graphswith the number of vertices n ≤ 2∆. All resultsmentioned above have one thing in common,which
is that they were obtained by applying Vizing’s Adjacency Lemma and no other adjacency lemmas about critical graphs. In
this note, we will use the method in [1] and apply not only Vizing’s Adjacency Lemma but also other adjacency lemmas to
Vizing’s Independence Number Conjecture of edge chromatic critical graphs to improve bounds in [1] for∆ ∈ {7, . . . , 19}.
2. Main result
The following is our main result.
Theorem 2.1. If G is a∆-critical graph with n vertices, then
α(G) ≤

19n
33
≈ 0.576n if ∆ = 7,
11n
19
≈ 0.579n if ∆ = 8,
25n
43
≈ 0.581n if ∆ = 9,
7n
12
≈ 0.583n if ∆ = 10,
79n
134
≈ 0.590n if ∆ = 11,
22n
37
≈ 0.595n if ∆ = 12,
97n
162
≈ 0.599n if ∆ = 13,
53n
88
≈ 0.602n if ∆ = 14,
23n
38
≈ 0.605n if ∆ = 15,
31n
51
≈ 0.608n if ∆ = 16,
133n
218
≈ 0.610n if ∆ = 17,
71n
116
≈ 0.612n if ∆ = 18,
151n
246
≈ 0.614n if ∆ = 19.
The proof of Theorem 2.1 will rely on the following lemmas.
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Lemma 2.2 (Vizing’s Adjacency Lemma or VAL). Let x be a vertex of a∆-critical graph and y be a vertex adjacent to x. Then x is
adjacent to at least ∆− d(y)+ 1∆-vertices.
The next two lemmas were proved in [4].
Lemma 2.3. Let G be a ∆-critical graph with ∆ ≥ 5 and x be a 3-vertex. Then there are at least two ∆-vertices in N(x) which
are not adjacent to any (≤ ∆− 2)-vertices except x.
Lemma 2.4. Let G be a∆-critical graph with∆ ≥ 6 and let x be a 4-vertex.
(1) If x is adjacent to a (∆− 2)-vertex, say y, then N(N(x)) \ {x, y} ⊆ V∆;
(2) If x is not adjacent to any (∆−2)-vertex and if one of the neighbors y of x is adjacent to d(y)−(∆−3)(≤ ∆−2)-vertices,
then each of the other three neighbors of x is adjacent to only one (≤ ∆− 2)-vertex, which is x;
(3) If x is adjacent to a (∆ − 1)-vertex, then there are at least two ∆-vertices in N(x) which are adjacent to at most two
(≤ ∆− 2)-vertices. Moreover, if x is adjacent to two (∆− 1)-vertices, then each of the two∆-neighbors is adjacent to exactly
one (≤ ∆− 2)-vertex, which is x.
Now we are ready to present our proof of the main result.
Proof. Let G = (V , E) be a ∆-critical graph, let S ⊂ V be an independent set, and let T = V − S. For i ∈ {2, . . . ,∆}, let si
denote the number of i-vertices in S. Let A = {vtvs ∈ E|vt ∈ T , vs ∈ S with d(vs) < ∆} and Ai = {vtvs ∈ E|vt ∈ T , vs ∈ S
with d(vs) = i}. Clearly |Ai| = isi. We define f (vtvs): A→ Rwith vt ∈ T , vs ∈ S as follows:
(i) if d(vs) is neither 3 nor 4, then f (vtvs) = 1d(vs)−1 ;
(ii) if d(vs) = 3, then f (vtvs) = 1d(vs)−1 = 12 whenever vt is adjacent to a (≤ ∆−2)-vertex in S distinct from vs, otherwise
f (vtvs) = ∆−3∆−2 ;
(iii) if d(vs) = 4, then either f (vtvs) = 1d(vs)−1 = 13 if vt is adjacent to two (≤ ∆ − 2)-vertices in S distinct from vs or
f (vtvs) = ∆−32(∆−2) if vt is adjacent to one (≤ ∆− 2)-vertex in S distinct from vs or f (vtvs) = ∆−4∆−2 if vt is adjacent to no other
(≤ ∆− 2)-vertex in S except vs.
Let v ∈ T such that v is adjacent to neither 3-vertices nor 4-vertices in S, and let d be the minimum degree of a neighbor
of v in S. Then by VAL, v is incident with at most d − 1 edges in A. Hence we have that∑vvs∈A f (vvs) ≤ d−1d−1 = 1. Let
v ∈ T such that v is adjacent to a 3-vertex u in S. By VAL, v is adjacent to at most one (≤ ∆ − 1)-vertex in S distinct
from u. If v is not adjacent to any (≤ ∆ − 1)-vertex in S distinct from u, then∑vvs∈A f (vvs) = f (vu) = ∆−3∆−2 < 1. If v is
adjacent to a (≤ ∆ − 1)-vertex in S distinct from u, call it w. According to whether d(w) ≤ ∆ − 2 or d(w) = ∆ − 1, by
(ii), we either have that
∑
vvs∈A f (vvs) = f (vu) + f (vw) = 12 + 1d(w)−1 ≤ 12 + 12 = 1 or we have that
∑
vvs∈A f (vvs) =
f (vu) + f (vw) = ∆−3
∆−2 + 1∆−2 = 1. Let v ∈ T such that v is adjacent to a 4-vertex u in S. By VAL, v is adjacent to at
most two (≤ ∆ − 1)-vertices in S distinct from u. Assume that v is not adjacent to any (≤ ∆ − 2)-vertex in S distinct
from u. Then by (iii), f (vu) = ∆−4
∆−2 and we have that
∑
vvs∈A f (vvs) ≤ ∆−4∆−2 + 1∆−2 + 1∆−2 = 1. Now we assume that v
is adjacent to at least one (≤ ∆ − 2)-vertex in S distinct from u, call it w. According to whether v is adjacent to another
(≤ ∆ − 2)-vertex x in S distinct from both u, w or v is not adjacent to any (≤ ∆ − 2)-vertex in S except u, w, by (iii),
we either have that
∑
vvs∈A f (vvs) = f (vu) + f (vw) + f (vx) = 13 + 1d(w)−1 + 1d(x)−1 ≤ 13 + 13 + 13 = 1 or we have that∑
vvs∈A f (vvs) ≤ ∆−32(∆−2) + ∆−32(∆−2) + 1∆−2 = 1. Hence we have that
|T | ≥
∑
v∈T ,vvs∈A
f (vvs) =
∑
e∈A
f (e) =
∆−1∑
i=2
∑
e∈Ai
f (e). (1)
Clearly, for i 6∈ {3, 4}, we have that∑e∈Ai f (e) = isii−1 . We need to estimate∑e∈Ai f (e) for i ∈ {3, 4}. First we consider∑
e∈A3 f (e). By Lemma 2.3, for each 3-vertex vs ∈ S, it is adjacent to at least two∆-vertices in T that are not adjacent to any
(≤ ∆− 2)-vertices except vs. Thus by (ii), each 3-vertex in S is incident with at least two edges e ∈ A3 with f (e) = ∆−3∆−2 and
we have that
∑
e∈A3 f (e) ≥ s32 + 2(∆−3)s3∆−2 . Nowwe consider
∑
e∈A4 f (e). By Lemma 2.4, for each 4-vertex vs ∈ S, either it has
one neighbor in T that is adjacent to three (≤ ∆− 2)-vertices and each of the other three neighbors is adjacent to only one
(≤ ∆−2)-vertex in S, that is vs or each of its four neighbors is adjacent to at most two (≤ ∆−2)-vertices in S. Thus by (iii),
each 4-vertex in S is either incident with one edge e ∈ A4 with f (e) = 13 and three edges e′ ∈ Awith f (e′) = ∆−4∆−2 or incident
with four edges e ∈ A4 with f (e) = ∆−32(∆−2) . Since 13 + 3(∆−4)∆−2 ≥ 4(∆−3)2(∆−2) for ∆ ≥ 6, we have that
∑
e∈A4 f (e) ≥ 4(∆−3)s42(∆−2) .
Combining this with inequality (1), we have that
|T | ≥
∑
v∈T ,vvs∈A
f (vvs) =
∑
e∈A
f (e) =
∆−1∑
i=2
∑
e∈Ai
f (e)
≥ 2s2 + s32 +
2(∆− 3)s3
∆− 2 +
4(∆− 3)s4
2(∆− 2) +
5s5
4
· · · + (∆− 1)s∆−1
∆− 2 . (2)
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Since G is critical, |T |∆ >∑∆i=2 isi. Thus
|T | >
∆∑
i=2
i
∆
si = |S| −
∆−1∑
i=2
∆− i
∆
si. (3)
The inequality is strict because a critical graph can not be bipartite.
Combining (2) with (3) as (2)+ 2∆
∆−2 (3), we have that
3∆− 2
∆− 2 |T | >
2∆
∆− 2 |S| +
1
2
s3 + 2
∆− 2 s4 +
30− 3∆
4(∆− 2) s5 +
4(12−∆)
5(∆− 2) s6 +
5(14−∆)
6(∆− 2) s7 +
6(16−∆)
7(∆− 2) s8
+ · · · + (i− 2)(2i−∆)
(i− 1)(∆− 2) si + · · · +
∆− 3
∆− 2 s∆−1. (4)
Since the coefficient of si is nonnegative for i ∈ {2, . . . ,∆ − 1} and ∆ ∈ {7, 8, 9, 10}, we have that |T | > 2∆3∆−2 |S|. Since
n = |V | = |T | + |S| > 5∆−23∆−2 |S|, |S| < 3∆−25∆−2n. Hence we have shown that if G is a∆-critical graph with n vertices, then
α(G) ≤

19n
33
≈ 0.576n if∆ = 7,
11n
19
≈ 0.579n if∆ = 8,
25n
43
≈ 0.581n if∆ = 9,
7n
12
≈ 0.583n if∆ = 10.
Combining (2) with (3) as (2)+ 5∆4(∆−5) (3), we also have the following inequality
9∆− 20
4(∆− 5) |T | >
5∆
4(∆− 5) |S| +
8∆− 30
4(∆− 5) s2 +
5∆2 − 53∆+ 110
4(∆− 5)(∆− 2) s3 +
3∆2 − 34∆+ 80
4(∆− 5)(∆− 2) s4
+ 30−∆
20(∆− 5) s6 + · · · +
(i− 5)(5i−∆)
4(i− 1)(∆− 5) si + · · · +
(∆− 6)(4∆− 5)
4(∆− 2)(∆− 5) s∆−1. (5)
It is easy to check for i ∈ {6, . . . ,∆ − 1} and ∆ ∈ {11, . . . , 19}, (i−5)(5i−∆)4(i−1)(∆−5) ≥ 0. Hence we have that |T | > 5∆9∆−20 |S| for
∆ ∈ {11, . . . , 19}. Since n = |V | = |T | + |S| > 14∆−209∆−20 |S|, |S| < 9∆−2014∆−20n. Thus we have shown that if G is a∆-critical graph
with n vertices, then
α(G) ≤

79n
134
≈ 0.590n if∆ = 11,
22n
37
≈ 0.595n if∆ = 12,
97n
162
≈ 0.599n if∆ = 13,
53n
88
≈ 0.602n if∆ = 14,
23n
38
≈ 0.605n if∆ = 15,
31n
51
≈ 0.608n if∆ = 16,
133n
218
≈ 0.610n if∆ = 17,
71n
116
≈ 0.612n if∆ = 18,
151n
246
≈ 0.614n if∆ = 19. 
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3. Miscellanea
From the proof of Theorem 2.1, it seems that (i) in order to obtain better bounds, one needs to increase the coefficient of
si for i ∈ {2, . . . ,∆ − 1} in inequality (2) and in order to do this, one needs to apply other Vizing-like adjacency lemmas;
and (ii) to solve the conjecture, one may need to use other methods.
Here is a graph G that not only satisfies Vizing Adjacency Lemma, but also satisfies Lemmas 2.3 and 2.4, and that
has α(G) > 12n. To construct the graph G, we start from a complete bipartite graph H with a bipartition (X, Y ) where|X | = (p + 1), |Y | = p ≥ 2 is even. Clearly, we have (p + 1)|X | = p|Y |. Partition the p vertices in Y into p2 pairs. Add one
edge in one pair to make it nonbipartite and add |Y |−22 new 2-vertices to H such that each new 2-vertex is adjacent to a pair
of vertices in Y . Then in the resulting graph G,∆ = p+1, n = (p+1)+p+ p−22 = 5p2 = 5(∆−1)2 . Let S be the set of vertices in
X together with the new 2-vertices. Then obviously S is an independent set and |S| = |X |+ |Y |−22 = (3p+1)|Y |−2(p+1)2(p+1) . It is easy
to check that |S||V | = (3p+1)|Y |−2(p+1)(5p+3)|Y |−2(p+1) which is increasing when |Y | increases and lim|Y |→∞ |S||V | = 3p+15p+3 = 3∆−25∆−2 . It agrees with
the upper bounds obtained in Theorem 2.1 for ∆ ∈ {3, . . . , 10}. The above example shows that in order to solve Vizing’s
Independence Number Conjecture, more studies are needed for critical graphs and new ideas and new approaches towards
this conjecture are needed.
In [8], Vizing proposed the following conjecture
Conjecture 3.1 (Vizing’s 2-Factor Conjecture, Vizing [8], 1965). If G is a critical graph, then G has a 2-factor.
One can easily see that if Vizing’s 2-Factor Conjecture is true, then Vizing’s Independence Number Conjecture is true; and
furthermore if G = (V , E) is a critical graph, S is an independent set of G and T = V − S, then there is a matching from T to
S that saturates S. Hence we propose the following conjecture.
Conjecture 3.2. Let G be a critical graph and S be an independent set in G. Then there is a matching that saturates S.
Obviously Conjecture 4.1 implies Conjecture 3.2 and Conjecture 3.2 implies Vizing’s Independence Number Conjecture.
The proof of the following lemma can be found in [5].
Lemma 3.3. Let G be a bipartite graph with bipartition T , S. Assume that d(x) ≥ 1 for each vertex x in S. If for each vertex v ∈ T ,
d(v) ≤ min{d(x) : x ∈ N(v)} − 1, then |S| ≤ |T |
In [5], the authors applied Lemma 3.3 to verify Vizing’s Independence Number Conjecture for the case ∆ ≥ n2 . Here we
apply Lemma 3.3 again and present a supporting evidence for Conjecture 3.2.
Proposition 3.4. Let G = (V , E) be a critical graph and let S be an independent set of G and T = V − S. If S ′ = {v | v ∈
S, d(v) < ∆}, then there is a matching in G from T to S that saturates S ′.
Proof. Construct a bipartite graph H by deleting all edges with two end-vertices in T from G. Let A ⊆ S ′. By VAL, for each
v ∈ N(A), we have that d(v) ≤ min{d(x) : x ∈ N(v) ∩ A} − 1. Thus |A| ≤ |N(A)| and by Hall’s Theorem, one can conclude
that there is a matching in G from T to S that saturates S ′. 
Proposition 3.4 implies that if S is an independent set without∆-vertices, then Conjecture 3.2 is true.
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